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$r$ , Euler-Zagier $r$
$\sum_{m\iota=1}^{\infty}\sum_{m_{2}=1}^{\infty}\cdots\sum_{m_{r}=1}^{\infty}\frac{1}{mi^{\iota}(m_{1}+m_{2})^{\iota_{2}}\cdots(m_{1}+\cdots+m_{r})^{\epsilon,}}$ (1)





$a_{j}(m_{j})$ Dirichlet Goncharov Arakawa-
Kaneko $L$ , Matsumoto-Tanigawa [5]




((3) $s_{1}=\cdots=s_{r-1}=0$ ) $\alpha_{j},$ $w_{j}$
parameters parameters $0<\alpha_{j}-\alpha_{j-1}\leq w_{j}$
( $1\leq j\leq r$ ; $\alpha_{0}=0$)
, , (2) (3) ,





$a_{j}(m’)$ , $\Psi_{r}(s_{1}, \ldots, s_{r};u)$
, $a_{j}(m_{j})$
, Dirichlet
$\psi_{j}(s)=\sum_{m=0}^{\infty}\frac{a_{j}(m)}{(\alpha_{j}-\alpha_{j-1}+mw_{j})^{s}}$ $(1\leq j\leq r)$ , (5)
$\psi_{j}(s,u)=\sum_{m=0}^{\infty}\frac{a_{j}(m)u^{-m}}{(\alpha_{j}-\alpha_{j-1}+mw_{j})^{\iota}}$ $(1\leq j\leq r)$ , (6)
,
(A) $\psi_{j}(s)$ $\sigma=\Re s>q_{j}$ $q_{j}$ $(1 \leq j\leq r)$ ,
$1<u\leq 1+\delta$ $\psi_{j}(s, u)$ $s$
$\psi_{j}(s)$ , $u=1$ (A) $\sigma\leq q_{j}$
, $\psi_{j}(s)$
146
(B) $\psi_{j}(s)$ , $uarrow 1+0$ $\sigma_{1}\leq\sigma\leq\sigma_{2}$
$\psi_{j}(s, u)arrow\psi_{j}(s)$ $\tau=\Im s$ , $\sigma_{1}\leq\sigma\leq\sigma_{2},$ $|\tau|arrow\infty$
, $\theta_{0}=\theta_{0}(\sigma_{1}, \sigma_{2}),$ $0\leq\theta_{0}<\pi/2$ $\psi_{j}(s, u)=O(e^{\theta 0|\tau|})$ ,
, $t$
$G_{1}(t; \psi_{j};u)=\sum_{m=0}^{\infty}a_{j}(m)u^{-m}\exp((\alpha_{j}-\alpha_{j-1}+mw_{j})t)$ (7)
(A) $\Re t<0$ ,




, $f_{j}$ : $Zarrow C$ $m_{j}$ , $\sum_{a=1}^{m_{j}}f_{j}(a)=0$ ,
$L_{j}(s)= \sum_{n=1}^{\infty}f_{j}(n)n^{-\epsilon}$
, $\psi_{j}=L_{j}$ (A), (B), (C)
2 (B) $Aa_{\text{ }}$
(B) ,
, , $A\searrow$
Dirichlet $\Psi_{r}(s_{1}, \ldots, s_{r};u)$
1 (A), (B), (C) , Dirichlet $\Psi_{r}(s_{1}, \ldots, s_{r};u)$ $C^{r}$
,
$\lim_{uarrow 0}\Psi_{r}(s_{1}, \ldots, s_{r};u)=\Psi_{r}(s_{1}, \ldots,s_{r};1)$ (8)
Euler-Zagier (1) ,














(Lerch ) [8] , Poly-
logarithm $d_{1}$ , $d_{1}$
(10)
$F_{1}(t;d_{1}; \psi_{1};u)=\sum_{n=0}^{\infty}\frac{a_{1}(n)u^{-n}e^{(\alpha_{1}+nw\iota)t}}{(\alpha_{1}+nw_{1})^{d_{1}}}$ (13)




polylogarithm , $t_{j}\in C,$ $d_{j}\in C,$ $\Re d_{j}>q_{j}(1\leq j\leq r)$ ,
$1\leq u\leq 1+\delta$







$\psi_{r}$ Riemann , (15)
$F_{r}(\log x_{1}, .. .,\log x_{r};d_{1}, \ldots, d_{r};\zeta, \ldots, \zeta;1)$
Goncharov [2] polylogarithm
(B) , $\psi_{1},$ $\ldots,$ $\psi_{r}$ Riemann ,
Goncharov polylogarithm 2
(B)
(15) $\Re t_{j}\leq 0(1\leq i\leq r)$ ,
2 (A), (B), (C) , $\Re d_{j}>qj(1\leq j\leq r),$ $1\leq u\leq 1+\delta$ , $F_{r}$
$t_{1},$
$\ldots$ , $t_{r}$
$\mathcal{D}_{r}(\eta)=\{(t_{1}, \ldots,t_{r})\in C^{r}||t_{j}|<\eta (1 \leq j\leq r)\}$
$\eta=\min_{1\leq j\leq r}t\frac{\rho_{j}}{2^{r-1}}\}$
$D_{r}(\eta)$
$F_{r}(t_{1}, ...,t_{r};d_{1}, \ldots,d_{r};\psi_{1}, \ldots,\psi_{r};u)$
$= \sum_{N_{1},\ldots,N,=0}^{\infty}\Psi_{r}(d_{1}-N_{1}, \ldots,d_{r}-N_{r};u)\frac{t_{1}^{N_{1}}\cdot.\cdot\cdot.t_{r}^{N,}}{N_{1}!\cdot N_{r}!}$ (16)
Taylor
, Dirichlet , $polylogarithm$
Taylor ,
$\Psi_{r}$ , $N_{j}$ , $-\infty$
, $\Psi_{r}$ ( 1) ,
4 2 Tsumura [7]
2 (15) $\Re t_{j}\leq 0$
$(1\leq j\leq r)$ , [8] (11) , $t_{j}=i\theta_{j}$
( $\theta_{j}$ ) $u>1$ , (15) $e^{(\alpha_{r}+n_{1}w_{1}+\cdots+n_{r}w_{r})t_{r}}$
Taylor , (15)
$\sum_{N_{r}=0}^{\infty}Z_{r}(i\theta_{1}, \ldots,i\theta_{r-1};d_{1}, \ldots,d_{r-1},d_{r}-N_{r};u)\frac{(i\theta_{r})^{N}}{N_{r}!}$ (17)
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$Z_{r}(t_{1}, \ldots, t_{r-1}; d_{1}, \ldots, d_{r-1}, s;u)=F_{r}(t_{1}, \ldots, t_{r-1},0;d_{1}, \ldots, d_{r-1}, s;\psi_{1}, \ldots, \psi_{r};u)$ ,







$Z_{r}(i\theta_{1}, \ldots,i\theta_{r-1};d_{1}, \ldots,d_{r-1}, s;u)$
$= \sum_{N_{1},\ldots,N_{r-1}=0}^{\infty}\Psi_{r}(d_{1}-N_{1}, . . . d_{r-1}-N_{r-1}, s;u)\frac{(i\theta_{1})^{N_{1}}\cdots(i\theta_{r-1})^{N_{r-1}}}{N_{1}!\cdots N_{r-1}!}$ (19)
(17) , $t_{j}=i\theta_{j}(1\leq j\leq r),$ $u>1$
, $u>1$
, $(t_{1}, \ldots, t_{r-1})=(0, \ldots, 0)$ $Z_{r}(t_{1}, \ldots, t_{r-1};d_{1}, \ldots, d_{r-1}, s;u)$
, $\mathcal{D}_{r}(\eta)$
$F_{r}(t_{1}, \ldots, t_{r};d_{1}, \ldots, d_{r};\psi_{1}, \ldots, \psi_{r};u)$
$= \sum_{N_{r}=0}^{\infty}Z_{r}(t_{1}, \ldots, t_{r-1}; d_{1}, \ldots, d_{r-1}, d_{r}-N_{r};u)\frac{t_{r}^{N,}}{N_{r}!}$ (20)
, (15) $\mathcal{D}_{r}(\eta)$ ,
(16)
$Z_{r}(t_{1}, \ldots, t_{r-1};d_{1}, \ldots, d_{r-1}, s;u)$ , contour
$C$ $+\infty$ $\delta$ ,
$\delta$ , $\delta$ $+\infty$ contour
,
$Z_{f}(t_{1}, \ldots,t_{r-1};d_{1}, \ldots,d_{r-1}, s_{1}\cdot u)=\frac{1}{(e^{2\pi i\ell}-1)\Gamma(s)}\cross$
$\cross\int_{C}G_{r}(-t;d_{1}, \ldots,d_{r-1};u)t^{s-1}dt$ (21)
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$G_{r}(-t;d_{1}, \ldots, d_{r-1}; u)$
$=F_{r-1}(t_{1}, \ldots, t_{r-2}, t_{r-1}-t;d_{1}, \ldots, d_{r-1}; \psi_{1}, \ldots, \psi_{r-1};u)G_{1}(-t;\psi_{r};u)$ (22)
, $r=2$ (13) , ( )




(21) $Z_{r}$ , $u$
$u>1$ ,




, $a_{j}=f_{j}(1\leq j\leq r)$ 1
, Dirichlet
$L_{r}(s_{1}, \ldots, s_{r};f_{1}, \ldots, f_{r})$




$= \sum_{N=0}^{\infty}L_{r}(d_{1}, \ldots,d_{r-1},d_{r}-2N;f_{1}, \ldots, f_{r})\frac{(i\theta)^{2N}}{(2N)!}$ (24)
$r=1,$ $f_{j}$ Dirichlet , $L_{r}$ Dirichlet
$L$ , (24) Berndt [1] Katsurada [3]
(24) Berndt Katsurada ,
Berndt Katsurada polylogarithm Taylor
(24) ,






1, 2 , [6]
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